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SUMMARY

A new continuum model to describe damage, fragmentation and large deformation of pulverized brittle
materials is presented. The multiple-plane-microcracking (MPM) model, developed by Espinosa, has
been modiAed to track microcracking on 13 orientations under high pressure, high strain rate and high
deformation. This model provides the elastic and inelastic response of the material before massive crack
coalescence. When pulverization occurs, the constitutive response is modelled by means of a visco-
plastic model for granular material, which is a generalization to three dimensions of the double-sliding
theory augmented by a consolidation mechanism. The initialization of the granular model is governed
by a yield surface at the onset of massive crack coalescence. This is accomplished by examining
a representative volume element, modelled using the MPM model, in compression-shear. The main
advantage of this approach is to keep a continuum model at all stages of the deformation process and
thus avoid the diDculties of crack representation in a discrete Anite element code. This model has
been implemented in LS-DYNA and used to examine interface defeat of long rod penetrators by a
conAned ceramic plate. The numerical simulations are compared to experiments in order to identify
failure modes. The model parameters were obtained independently by simulating plate and rod impact
experiments. The proposed model captures most of the physical observations as well as failure mode
transition, from interface defeat to full penetration, with increasing impact velocity. Copyright ? 2002
John Wiley & Sons, Ltd.
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1. INTRODUCTION

Ceramics present a high potential as armour materials. Their high compressive strength and
low thermal conductivity could be used to defeat, not only low speed rigid body projectiles,
but also high speed, heavy alloy, long rods. Unfortunately, hardness is often associated with
brittleness and ceramics can undergo fragmentation when subjected to multiaxial loading. It
is now well known that, during a high velocity impact event, a comminuted zone also called
Mescall zone, Mescall and Weiss [1], appears under the projectile nose. The penetration
of the projectile is controlled by the behaviour of the granular material and the intact sur-
rounding ceramic, Shockey et al. [2]. Based on this understanding, a new armour concept
has been proposed and improved by Hauver et al. [3; 4], Bless et al. [5], Rapacki et al.
[6], Espinosa et al. [7] and Malaise et al. [8] in order to block the motion of the ceramic
fragments.
During the same period, Orphal et al. [9–11] studied the response of conAned AlN, SiC

and B4C ceramics during long rod penetration at velocities ranging from 1.5 to 5 km=s. They
measured substantial data with the help of 7ash X-ray, e.g. penetration depth, rate of rod
consumption, mass eDciency of the ceramic target, etc. All this information is extremely
valuable in the development of advanced computational algorithms.
The interface defeat (ID) design was later improved by Bruchey et al. [12]. In this conAg-

uration, the ceramic tile is encapsulated in a titanium alloy structure that increases the mass
eDciency of the target. In this particular conAguration, the graphite plate is not needed to
initiate the ID of the projectile.
More recently, Lundberg et al. [13] estimated the upper and lower bounds for the transition

impact velocity between ID and normal penetration for steel and tungsten alloy projectiles and
for two types of SiC, B4C, TiB2 and a polycrystalline diamond composite target materials.
They also provided valuable X-ray pictures of the projectile inside the ceramic during the
penetration process from which they extrapolated the projectile nose velocity.
In most of the ballistic experiments performed in the past the target conAguration has a big

in7uence on the establishment of ID phenomena. Malaise et al. [8] proposed an alternate con-
Aguration of impact resulting in the same physical phenomenon. The target conAguration is the
depth of penetration (DOP) conAguration, but ID can be achieved by encapsulating the projec-
tile in a polycarbonate cylinder. This conAguration can be advantageously used to separate the
in7uence of diLerent parameters such as projectile velocity, mechanical characteristics of the
ceramic and damage kinetics resulting from the separation between normal and shear waves.
Furthermore, this conAguration is easier to model when Lagrangian codes, using remeshing, are
employed.
Although numerical analyses of high velocity impact and penetration have been carried out

for quite some time, few applications to the response of ceramic targets have been made.
The key issue is the appropriate modelling of the complex constitutive behaviour of ceramics
in the presence of micro and macrocracks. Attempts have been made to model the inelastic
constitutive behaviour of ceramics in the presence of cracks, and to validate the models
through simulation of plate and rod impact experiments. Addesio and Johnson [14] presented
a microphysical model to describe the conAned behaviour of ceramics. The inelastic strains
in their model are caused by microcracking. Cracks are allowed to slide under compression
and open under tension. Damage is determined in terms of a crack density parameter whose
evolution is described through a failure surface based on energy balance.
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Rajendran and Grove [15] proposed a model considering microcrack nucleation and growth,
and pore collapse. Damage is deAned in terms of an average crack density, which is treated
as an internal variable. The reduction in stiLness due to microcracking is modelled using
damage moduli whose evolution under compressive as well as tensile loading is formulated
based on the generalized GriDth criterion. Pore collapse is modelled using viscoplastic equa-
tions derived from Gurson’s pressure dependant yield function, Gurson [16]. The Hugoniot
elastic limit (HEL) scaled by a rate-dependant formulation gives the yield surface. Due to
the isotropic formulation, this model is not capable of capturing anisotropic damage that de-
velops especially under oblique impact. The material collapse occurs at deviatoric stresses
above the HEL and does not take into account the porosity created by shearing of the pul-
verized ceramic. Moreover, the friction between fragments is not considered. Nevertheless,
this model reproduces, with a good accuracy, the tension fracture occurring in normal plate
impact experiments.
Based on dislocation theory, Curran et al. [17] proposed a computational model to describe

penetration of ceramic targets through a multiple-plane phenomenological model. In their
model, the deviatoric stress in the comminuted material is used to describe inelasticity and
7ow. Pressure is calculated by means of the standard Mie–Gruneisen equation of state for
the intact material. A continuum porous compaction model accounting for the applied shear
strain is used in the comminuted zone. Their yield function accounts for damage as well as
Coulomb’s friction. A tensile fracture model is used to allow the separation of fragmented
particles. Curran and co-workers identiAed their model parameters from pressure–shear impact
experiments and performed simulations of the conAned ceramic targets tested by Shockey et al.
[2]. Based on the simulations, they concluded that conAning pressure and intergranular friction
in the comminuted material are the key factors governing the penetration resistance of conAned
ceramics but they did not manage to simulate all the experimentally observed features. One
of the major disadvantages in the use of this model is that the phenomenological parameters
introduced to describe the various inelastic processes are diDcult to identify experimentally.
Moreover, they used nine planes to describe the deformation of the comminuted ceramic but
it appears that the slip planes chosen are not isotropic by rotation and do not necessarily
correspond to the maximum shearing plane in the material.
Johnson and Holmquist [18] proposed a more general model to represent the behaviour of

brittle materials and transition between the intact and granular media. It assumes an elasto-
plastic behaviour with a yield stress that depends on pressure and damage. The yield stress
is interpolated between the yield stress of the intact ceramic and the yield stress of the
fragmented ceramic. Both yield stresses are linear functions of the applied pressure while
the damage parameter is related to the accumulated plastic strain normalized by the strain at
rupture, which is also a function of pressure. Despite the pressure dependence of the model,
Malaise et al. [8] has shown that this model cannot capture the transition between penetration
and ID. The reason advanced is that compaction of the granular ceramic is not properly
accounted for and that damage under tension is overestimated.
Enhancing the model of Johnson and Holmquist [18], Collombet et al. [19] developed

an engineering model, which was implemented in a Eulerian code. Their model describes
fragmentation and separation of fragments by two distinct damage variables. One such variable
is the function of plastic shear strain to account for microcrack nucleation resulting from
plastic deformation. When this damage parameter reaches a percolation value, the media is
considered fully fractured. The tensile damage variable is related to the sum of the principal
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tensile strains and assumes that initial porosity is very small; hence, compaction is not possible.
The yield stress of the damaged ceramic has a linear dependency on pressure until it reaches
the HEL where the ceramic becomes fully plastic. The yield function of the fragmented
ceramic is a Mohr–Coulomb type yield surface. Despite the fact that dilatancy is not taken into
account, this model has been used to reproduce ID in the conAguration proposed by Malaise
et al. [8]. Nevertheless, Malaise considered that friction between fragments in the comminuted
zone is very small (�=10−3) which contradicts the measurement of � in pressure–shear plate
impact experiments performed by Klopp and Shockey [20] and Sairam and Clifton [21].
Moreover, the model is fully isotropic and therefore cannot capture damage anisotropy as
observed in oblique impact.
To overcome the limitation of the phenomenological models previously mentioned and in

particular, damage anisotropy as well as diDculties in determining model parameters, Espinosa
[22] developed a multi-plane microcracking (MPM) model based on the theory of microme-
chanics of solids. In the MPM model, the constitutive response of the material is obtained
from fundamental quantities that can be determined experimentally such as grain size and
fracture toughness. In addition, since dynamic growth of microcracks is described indepen-
dently on each orientation, damage anisotropy and rate eLects are naturally incorporated in
the model. This model does not include crack coalescence. Therefore, it cannot fully cap-
ture the constitutive behaviour of pulverized ceramics. However, it provides the deformation
history leading to ceramic powders.
Camacho and Ortiz [23] and Ortiz [24] modelled ballistic penetration of ceramic targets

based on a discrete fragmentation approach. In this approach, each crack is followed as it
nucleates, propagates and coalesces during the deformation process. Cracks can nucleate at the
nodes of a Anite element mesh as soon as the resolved eLective stress exceeds the eLective
fracture stress. The crack is nucleated in the solid by duplicating nodes and can propagate
along element boundaries. Adaptive remeshing is used to reach enough sets of possible fracture
paths around the crack tip. Following this procedure, fragments are generated as the cracks
coalesce and bound a sub-body. The models and algorithms developed by Ortiz’s group have
been very successful in capturing penetration modes. They have shown that mushrooming and
petaling of the tip of WHA penetrators, plus some sloughing of fragments, are the dominant
deformation mechanisms controlling the penetration process.
Espinosa et al. [25] showed that pure discrete cohesive models may not be able to capture

the right amount of energy dissipation unless the two size scales, involving fracture, are
properly captured. These are short microcracks within fragments and coalesced microcracks
forming the fragments, see Reference [25]. Consequently, a discrete cohesive model requires a
mesh size consistent with the maximum possible surface energy per unit volume the material
is capable of dissipating. Recently, powerful methods to capture arbitrary three dimensional
dynamic propagation of cracks in elastic solids were developed by Belytschko et al. [26; 27].
Here, we examine an alternative approach to the discrete cohesive model in relation to the
physical modelling of ballistic penetration of multi-layered targets.
Gu et al. [28] formulated a model for granular materials that we will make use of in this

article. The model has a two-mechanism yield surface accounting for material 7ow under
shearing and consolidation under pressure. The distortion mechanism is a Mohr–Coulomb
type with a shear stress limitation at high pressure to take into account plastic deformation
of the particles. Dilatancy and cohesion are included and depend on friction coeDcient and
on void ratio. The friction coeDcient has an evolution law that can be easily determined
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and mainly depends on void ratio. A quarter elliptical pressure cap mathematically describes
the consolidation mechanism. This mechanism accounts for void collapse. The pressure cap
depends only on void ratio.
One of the diDculties in describing the comminuted zone in a ceramic by a granular

model is that the characteristics of the powder, e.g., average size, often has to be assumed
before carrying on the computation. Hence, the description of the powder state is somewhat
arbitrary. Moreover, the void ratio in the fragmented ceramic is very low and determination of
an initial friction coeDcient in the comminuted ceramic cannot be easily performed. Here, we
describe a computational scheme that bridges the MPM and granular models and overcomes
these diDculties. Standard homogenization techniques and the MPM are used for this purpose.
Damage initiation and material pulverization are captured in a single continuum theory.
The organization of the paper is as follows. In Section 2, we describe the MPM model, the

extension of the granular model proposed by Anand and its use in conjunction with the MPM
model. The main idea is to follow the fracture process by the MPM model until fragments
due to crack coalescence are formed. The motion of the fragments is then computed with the
modiAed granular model. The key point is that the characteristic of the powder is not assumed
but computed from the ceramic response. The initial parameters of the granular model are
determined by interrogating a representative volume element described by the MPM model.
The only required parameters in the granular model are those describing the evolution of the
internal quantities. These parameters were determined independently by models performed on
ceramic powders with a known void ratio, Espinosa and Gailly [29]. In Section 3, we use
this model to simulate the encapsulated rod experiments proposed by Malaise et al. [8]. The
simulations are complemented by a parametric study on the eLect of the various material
properties on ballistic penetration.

2. CONSTITUTIVE EQUATIONS

2.1. Multi-plane microcracking model

The large deformation constitutive response of ceramics in the presence of microcracks is
described through a microcracking multiple-plane model based on a dilute approximation,
Dienes [30], Bazant and co-workers [31], Espinosa [32] and Espinosa et al. [22; 25; 33].
The basic assumption is that microcracking and=or slip can occur on a discrete number of
orientations (see Figure 1). Microcrack plane properties (friction, initial size, density, etc.) and
their evolution are independently computed on each plane. The macroscopic response of the
material is computed by additive decomposition of the strain rate tensor, D, into elastic, De,
and inelastic parts, Dc. The inelastic strains are assumed to be caused solely by the presence
of microcracks in the solid.
Using a corrotational Cauchy stress measure, T∇, the constitutive behaviour of the ceramic

is given by

T∇=C�D −Dc� (1a)

where C is the fourth order elasticity tensor of the polycrystalline ceramic material.
For a representative volume B0, in the undeformed conAguration, of an elastic solid con-

taining penny-shaped microcracks with a density N (k), the average inelastic strain rate tensor
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Figure 1. Unit sphere containing 13 microcracking orientations. Each orientation has a density N (k).

can be written as

Ḋc
ij=

13∑
k=1
N (k)�

(
a(k)
)2 1

2

(
Ṙb(k)i n

(k)
j + n(k)i Ṙb(k)j

)
+

13∑
k=1
N (k)�a(k)ȧ(k)

1
2

(
Rb(k)i n

(k)
j + n(k)i Rb(k)j

)
(1b)

where the subindex k is used to label the orientations. In the above equation, a(k) and ȧ(k)

denote, respectively, the microcrack radius and its rate of growth on orientation k, n(k) is the
corresponding unit normal, and Rb(k) and Ṙb(k) are the average displacement jump vectors across
the surface A(k) and its rate.

The average displacement jump vector resulting from an applied Cauchy stress Aeld T is
given by Equation (2a) in tension and Equation (2b) in compression, viz.

Rb(k)i =
1
A(k)

∫
A(k)
b(k)i dA=

16(1− �2)
3�E(2− �)a

(k)
(
2Tijn

(k)
j

)
− �Tjln(k)j n(k)l n(k)i (2a)

Rb(k)i =
32(1− �2)
3�E(2− �)a

k (�k + �(k)�kn ) (n�)ki (2b)

in which E and � are Young’s modulus and Poisson’s ratio of the uncracked solid, �k and
�kn are the resolved shear stress and the normal stress acting on microcracks with orientation
k, and nk� is the unit vector in the direction of the resolved shear traction. In Equation (2b),
�(�) is the friction coeDcient on the microcrack faces. Its dependence on the normal stress,
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applied on the crack faces, is given by

�(k) =�min + (�max − �min)
2
�
arctan

(
−�(k)n
p�

)
if �(k)n 60

�(k) =�min if �(k)n ¿0

(3)

where �min and �max are, respectively, the friction coeDcients for a null normal stress and a
high normal compression stress and p� is the normal stress for which �(�) = 0:78�max.
If �(k)6−�(k)�(k)n , then a sticking condition occurs. Hence, irreversible displacement jumps

develop making the deformation process strongly non-linear and history dependant. It should
also be pointed out that, because of the dependence of the friction coeDcient on the normal
stress, the sticking condition can prevent the propagation of microcracks under high compres-
sion stress states.
In order to compute the inelastic strain tensor, it becomes necessary to follow the evolution

of the microcrack radius a in the selected orientations. Following Freund [34], an equation of
evolution for a in the case of mixed mode loading can be derived as,

ȧ(k) =m±cR


1−

(
KIc

K (k)
eL

)n±¿0 (4)

in which n± and m± are phenomenological material constants which may have diLerent
values in tension and compression. They are used to describe terminal crack speeds of about
30 per cent the Rayleigh wave speed, CR. KIc is the material toughness and KeL is the
eLective stress intensity factor. For mixed mode conditions, KeL for the particular orientation
k is derived by considering the average energy release rate G associated with the increase in
the radius of the microcrack whose radius is a. It is given by

G (k) =
1
2�

∫ 2�

0

1− �2
E

[K2
I + K

2
II + K

2
III(1− �)] (5)

from which the following expression for KeL is obtained:

K (k)
eL =

√
G (k)E
1− �2 (6)

The general structure of these constitutive equations corresponds to that of a solid with
a damage-induced anisotropic stress–strain relation with elastic degradation. The rate depen-
dence is due to crack kinetics eLects. From a computational standpoint, this ensures numerical
reliability and mesh independence, Needleman [35]. Details about the stress update algorithm
can be found in Espinosa [22]. It should be pointed out that this inelastic model is a contin-
uum model in which material damage results from microcracking. If the material is subjected
to a predominantly tensile stress state, then microcracks along orientations perpendicular to
the direction of maximum tensile stresses will grow according to Equation (3). In this case,
signiAcant dilation is expected due to mode I crack opening. If a predominantly compres-
sive state of stress with shear is imposed, then crack opening is inhibited but inelasticity is
manifested by the growth of penny-shaped cracks in modes II and III (shear modes).
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2.2. Granular model

Here, we describe a two-mechanism constitutive model previously developed by Anand and
co-workers [2] to describe the isothermal deformation of granulated media. The model is
extended to the visco-plastic regime using the Duvaut Lions scheme, see Simo et al. [36].
Using a corrotational Cauchy stress measure, the constitutive behaviour of the powder is

given by

T∇=C(T; �)[D −Dp] (7a)

where C is the fourth order elasticity tensor that depends on the relative density �=�=�s.
Here, � is the mass density of the granular material and �s is the mass density of solid
particles. D and Dp are, respectively, the deformation rate tensor and the plastic deformation
rate tensor, which is the sum of the contribution of the two mechanisms. In this model it is
assumed that the plastic spin, WP, is zero. For a justiAcation on this assumption, see Anand
and Gu [28]. The symmetric Cauchy stress tensor can be written in terms of its spectral
components, namely,

T=



�1

˙e1 ⊗ ˙e1 +�2
˙e2 ⊗ ˙e2 +�3

˙e3 ⊗ ˙e3 if �1¿�2¿�3

�1
˙e1 ⊗ ˙e1 +�3(1− ˙e1 ⊗ ˙e1) if �1¿�2 =�3

�3
˙e3 ⊗ ˙e3 +�1(1− ˙e3 ⊗ ˙e3) if �1 =�2¿�3

(7b)

where {�i | i=1; 2; 3} are the principal stresses and {˙e1 | i=1; 2; 3} are the principal directions
of stress. The usual solid mechanics convention of sign is employed, i.e. positive values
correspond to tensile stresses.
The elastic properties of the granular material, i.e. Young’s modulus, E, and Poisson’s ratio,

�, are predetermined by means of the self-consistency method proposed by Budianski [37],
and then Atted to the functions,

E=E1eE2� (8)

�= �1e−�2� (9)

These quantities fully deAne C(T; �) given in Equation (7a).
The Arst mechanism called distortion employs a pressure-sensitive, Mohr–Coulomb type

yield condition with a non-associated 7ow rule, i.e.

!(1) = {�− s(�)}60 with s(�)= c+ s∗
{
tanh

(��
s∗
)}

(10)

where � and � represent, respectively, the resolved shear stress and the normal stress on a
preferred slip plane, s(�) is a function that describes the sensitivity of the yield surface to
the cohesion of the material, c, and s∗ is the shear strength of the powder at high pressure.
This shear strength is considered a constant.
A pair of orthonormal vectors (m(#); n(#)) deAne each slip plane, as explained in Gu et al.

[28]. The potential slip systems are chosen such that the yield function !(1) is a maximum.
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This results in

�= 1
2 sin(2$)(�1 − �3)¿0 (11)

�=− 1
2 (�1 + �3) +

1
2 cos(2$)(�1 − �3) (12)

with

$= ±
{
�
4
+
!
2

}

in which != arctan(�̃), and

�̃=
ds
d�

=
{

�
cosh2

(��=s∗)
}

(13)

in the above equations, �1 and �3 are the Arst and third principal stresses.
The cohesive strength depends only on the relative density � and is given by the following

functional relation:

c=


 A�

m (�− �m)
(1− �m) if �¿�m

0 if �6�m
(14)

A and m are material constants and �m is a characteristic density.
The friction coeDcient � depends on � and the plastic deformation. Its evolution equation

is given by

�̇= h(�)&̇(1) with the initial condition �(0)=�0 (15)

h(�) = h�

∣∣∣∣
(
1− �

�s

)∣∣∣∣
p

sign
(
1− �

�s

)
(16)

�s =

{
�c� + b(�− �cr)q if �¿�cr
�c� if �6�cr

(17)

where �s is the saturation value of �.
Quantities p; q; b; �cr ; �c� and h� are material parameters. The plastic shear strain rate

&̇(1) is determined by the 7ow rule

Dp(1) = &̇(1)M (1) (18)

M(1) =
P+ )N

‖P+ )N‖ (19)

)= h)(� − �c�) (20)
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Figure 2. Yield surfaces for the granular model. There is a non-smooth
intersection between the two surfaces.

in which h) is another material parameter. The two tensors P and N are given in terms of
m(#) and n(#), viz.

P=sym(m(#)⊗n(#)); N= n(#)⊗n(#) (21)

Since m(#) and n(#) are a function of the principal stresses, three cases need to be considered:

Case (i): �1¿�2¿�3

P=(12) sin(2$){
˙e1 ⊗ ˙e1 − ˙e3 ⊗ ˙e3} (22)

N= {sin2 $ ˙e1 ⊗ ˙e1 + cos2 $
˙e3 ⊗ ˙e3} (23)

Case (ii): �1¿�2 =�3

P= (12) sin(2$){
˙e1 ⊗ ˙e1 −( 12 )(1−

˙e1 ⊗ ˙e1)} (24)

N= {( 12 ) sin2 $
˙e1 ⊗ ˙e1 +(12) cos

2 $(1− ˙e1 ⊗ ˙e1)} (25)

Case (iii): �1 =�2¿�3

P= (12) sin(2$){( 12 )(1−
˙e3 ⊗ ˙e3)− ˙e3 ⊗ ˙e3)} (26)

N= (12){( 12 ) sin2 $(1−
˙e3 ⊗ ˙e3) + cos2 $

˙e3 ⊗ ˙e3} (27)

The second mechanism, called consolidation represents the hardening of the media when
voids collapse. It has a quarter-elliptical yield surface in the plane ( Rp; R�), where Rp and R�
are, respectively, the mean pressure and the equivalent shear stress (see Figure 2). The yield
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condition in this case is

!(2) =

√(
Rp− pc

2

)2
+
(

R�
M

)2
− pc

2
60 for Rp¿

pc

2
(28)

in which pc is a limiting pressure that depends on the relative density � and M which is a
shape parameter that depends on the material. In this formulation, pc is assumed as

pc =


 B�

n (�− �m)
1− � if �¿�m

0 if �6�m
(29)

This equation for the pressure cap has been modiAed from the original function reported
in Gu et al. [28] to take into account that, in our application, the material evolves from a
fully dense solid to a pulverized media. Note that pc →∞ when �→ 1 taking into account
that pore collapse cannot occur on a fully dense powder.
The 7ow rule for the consolidation mechanism is an associated 7ow rule, namely,

Dp(2) = &̇(2)M(2); M(2) = @!(2)=@T (30)

see Gu et al. [28] for additional details.
In addition, the relative density � is calculated from balance of mass, viz.

�̇=−� trace(Dp(1) +Dp(2) ); �(0)= �0 (31)

The granular model developed by Gu et al. [28] has been primarily deAned for compressive
stress states. Here it is extended to tensile stress states by considering that the mean tensile
stress in the material is limited by a value −p0 for which the shear stress is null. The
expression for this tensile mean stress is

p0 =−s
∗

�
tanh−1

( c
s∗
)

(32)

An extended Duvaut–Lions viscoplasticity model [36] is used to introduce rate dependence
in the above plasticity model. In this case, the viscoplastic strain rate and internal variables
are given by

D�p =C−1

{
T− RT
TR

}
; q=−

{
q − Rq
TR

}
(33)

where

( RT; Rq)=

{
(T; q) if !(1−2)¡0

P̂(T; q) otherwise

}

In these equations, q designates the internal variables vector, P̂ is the closest point projection
operator and TR is a viscosity coeDcient that plays the role of a relaxation time. The visco-
plastic deformation rate tensor is proportional to the distance between the stress state T and
its projection onto the yield surface. Integration of the above equation leads to the following
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discrete expressions for the viscoplastic stress and internal variables, viz.

Tn+1 = exp(−Vt=TR)Tn + [1− exp(−Vt=TR)]( RTn+1 + TtrialTR=Vt) (34)

qn+1 = exp(−Vt=TR)qn + [1− exp(−Vt=TR)]Rqn+1 (35)

where Vt is the time increment, Ttrial is the trial stress obtained by assuming elastic response
in the increment, and RT and Rq are obtained from the solution of the rate-independent plas-
ticity problem. Note that for TR →∞ the elastic case is obtained while for TR → 0 the rate
independent plasticity solution is recovered.

2.3. Transition between damaged material represented by the MPM model to pulverized
material represented by the granular model

Several criteria have been examined to switch from one model to the other. The relative
density by itself is not a good parameter because under compression and shearing cracks can
grow without any signiAcant normal opening so � remains closer to 1. The sum of the crack
length over the 13 orientations seems to be a better choice. If the cracks propagate along
the 13 orientations then small fragments will be formed. If, on the contrary, there is one or
few orientations in which crack growth occurs, then one can assume that bigger fragments
will be formed and the total length of the cracks will remain approximately constant. In this
criterion, the crack opening is not taken into account. The cracking eLective strain is also a
good candidate because it describes damage due to propagation and opening of microcracks.
However, very large cracks can result while the cracking eLective strain may still be small.
To avoid this problem it has been decided to associate this last criterion with a limiting length
of any microcrack on any orientation.
To ensure consistency during the transition, the initial values of the internal variables as-

sociated with the two mechanisms of the granular model must be obtained from the last state
computed with the MPM model. For the distortion mechanism, these values are the initial
relative density �0, the initial friction coeDcient �0, the cohesion of the fragmented ceramic,
c0, and the shear stress at high pressure, s∗ + c. For the consolidation mechanism they are
the initial pressure cap pc and the shape parameter M.
Based on the values of crack radius a(k), the normal average displacements jump Rb

(k)
n and

the density of microcracks N (k) along each orientation k, it is possible to compute the relative
density � of the cracked material compared to the uncracked material. For penny-shaped
microcracks � is given by

�=1−
13∑
k=1
N (k)2�a(k)

2 Rb
(k)
n (36)

Furthermore, for small and moderate pressures, the friction coeDcient is the slope of the
yield curve in the space (R�; Rp). By quasi-statically examining a representative volume ele-
ment, for diLerent shear=pressure ratios, until the growth of a microcrack on any of the 13
orientations is detected, the yield surface and its slope are determined (see Figure 3). In
this calculation, a representative volume element with internal variables obtained from the
MPM model is utilized. The cohesion is deduced from Equation (10) for a null pressure. For
high pressure, the MPM model and the granular model predict that the shear stress has a
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Figure 3. Interrogation of a representative volume element (RVE). States (�1; p1) and (�2; p2)
are used to determine � and c. The elastic properties E and � are computed for the maximum

shear stress that does not lead to microcrack propagation.

limiting value, s∗ + c. A high pressure is applied to the representative volume element and
the shear=pressure ratio is increased until the yield surface is reached. By interrogating the
representative volume element at high pressures, parameter s∗ is determined.
The consolidation mechanism describes the collapsing of voids in the granular media. The

shape parameter M is a constant while the pressure cap parameter pc described a mechanism
not taken into account in the MPM model. Hence, these two parameters are left as quantities
to be identiAed by other means.
Finally, the Young’s modulus and Poisson’s ratio are initialized to the apparent Young’s

modulus and Poisson’s ratio of the damaged ceramic by adjusting the values of E1 and �1.
Thus, it is supposed that the shapes of Equations (8) and (9) remain the same when cracks
propagate, while the initial apparent modules are degraded. The apparent elastic properties are
determined during the search of the yield surface at low pressures. The bulk modulus is Arst
calculated to average the anisotropy of the MPM model. Then, the shear modulus is obtained
from the ratio �12=&12. In the current implementation only one shearing direction is tested
because all calculations have been performed in an axial–symmetric conAguration. There are
no diDculties in extending this scheme to 3D, by also testing the shearing direction 13 and
23 and averaging the shear modulus over the three directions.

3. ANALYSES AND RESULTS

The constitutive equations described in the previous section have been implemented in the
Lagragian=ALE code LS-DYNA. They have been used to carry out axisymmetric two-dimen-
sional analysis of high velocity impact (1450–1900m=s) and penetration of multi-layered ce-
ramic target plates in DOP and ID conAgurations reported by Malaise et al. [28]. Then a para-
metric study has been conducted to determine the eLect of material parameters on the results.
Despite the axial symmetry, the number of active planes is maintained equal to 13 but the

density of crack in opposite planes has been set equal. Opposite planes are deAned regarding
symmetry with respect to the plane (O; x; y) when Oy is the axis of revolution. This way,
crack extensions also remain equal in the opposite direction. Then, total shear stresses in the
(O; x; z) and (O; y; z) planes are null. From a cell point of view, the axial symmetry condition
is not violated and the in7uence of all planes is retained.
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Figure 4. Multi-layered target used in DOP and ID conAgurations [3].

3.1. Con9gurations and material properties

The multi-layered target used in both, depth of penetration and ID conAgurations, is shown
in Figure 4. The model previously discussed mathematically describes the ceramic elastic and
inelastic behavior. The coeDcients used in the simulations are summarized in Table I. No
remeshing is allowed in the ceramic plate.
The steel used as a back plate is RHA steel while the lateral conAnement is a mild steel

ring. The properties of these materials are listed in Table II. In the simulations, an elastic
constitutive behaviour is used for these two materials. The back steel plate thickness and
lateral dimensions are the dimensions reported by Malaise et al. [28].
The projectiles simulated in the penetration conAguration and in the ID conAguration are

shown, respectively, in Figures 5 and 6. In the penetration experiment, the projectile is not
backed by a steel plate but by a titanium 7yer. However, a steel back plate has been used
in the simulations to limit the number of varying factors between the depth of penetration
and the ID conAgurations. The steel back plate is simulated with an elastic constitutive law
while the Johnson–Cook law [38] is used to model the tungsten heavy alloy (WHA) rod and
the polycarbonate cylinder. The pressure in the rod and its conAnement are computed with
a Mie–Gruneisen type equation of state. The strain rate used in the Johnson–Cook laws is
computed using a fully viscoplastic formulation. The plastic strain is obtained with a semi-
implicit algorithm. The ALE feature of LS-DYNA models the WHA rod and its conAnement.
This avoids the problem of excessive element distortion.

3.2. Simulation results and comparison with experiments

Malaise’s experiments have been carried out at a velocity of approximately 1450 m=s. X-ray
pictures were obtained during the interaction between projectile and target. The eDciency of
the conAguration was characterized by the depth of penetration in the ceramic and eventually
in the steel back-plate. Results and conditions of impact are summarized in Table III, Malaise
et al. [28].
Utilization of the DOP conAguration resulted in a complete penetration of the ceramic. On

the contrary, the encapsulated WHA rod was completely defeated by the target at about the
same impact velocity, see Table III. It has been veriAed that the impact of the polycarbonate
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Table I. Material parameters for SiC used in the analyses.

Material’s properties Symbol Units SiC

Initial Young’s modulus E GPa 420
Initial Poisson’s ratio � — 0.1624
Initial density � kg=m3 3177
Minimum internal friction coeDcient ��1� — 0.1
Maximum internal friction coeDcient �max — 0.6
Normal stress shape P� GPa 15.0
Rayleigh wave speed CR m=s 6871
Tenacity KIC MPa

√
m 3.79

Initial crack radius a0 �m 1
Crack density in each orientation N (k) =mm3 1000
Crack velocity limitation factor in tension m+ — 0.3
Crack velocity limitation factor in compression m− — 0.3
Crack velocity power in tension n+ — 0.3
Crack velocity power in compression n− — 0.3
Maximum length of microcracks amax �m 500
Shape parameter for Young’s modulus E2 — 5.0
Shape parameter for Poisson’s ratio �2 — 0.412236
Consolidation mechanism B MPa 500.0

n — 2.84
�m — 0.3
M — 1.2

Distortion mechanism m — 3.0
h� — 300.0
p — 1.88
�c� — 0.05
b — 0.071
q — 1.0
�cr — 0.3
h) — 2.0

Relaxation time TR �s 10−13

Limiting cracking strain 3cl — 0.15

cylinder alone causes no damage in the ceramic plate. All the computer simulations were
performed with a velocity of 1450 m=s. The simulated penetration depths are summarized in
Table IV. The end of computation refers to the time after impact of the rod on the front face
of the ceramic. In the DOP conAguration, usually the computation fails when elements in the
ceramic plate are too distorted and the anti-hourglass algorithm becomes ineLective. In the
ID conAguration, however, the distortion remains low and the computations are stopped when
the penetration velocity is null for several microseconds.
From the penetration depths shown in Table IV, it can be inferred that the model reproduces

most of the phenomena experimentally observed. These results are the Arst of their kind in
the sense that the physically based model, parametrically adjusted with other experimental
conAgurations, can reproduce the observed failure mode transition.
In the depth of penetration conAguration, the ceramic is pulverized by the impact and

fragments are ejected as shown in Figure 7. The penetration history is shown in Figure 8.
Although the computation stops after only a few microseconds, the process seems to reach
a steady state. The penetration velocity is not strictly constant but oscillates between 600
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Table II. Material properties of projectile and steel target plates used in analyses with LS-DYNA.

Material properties Symbol Units WHA RHA steel Mild steel Polycarbonate

Density � kg=m3 17.30 7.85 7.85 1.19
Young’s modulus E GPa 347 210 210 6
Poisson’s ratio � — 0.3 0.3 0.3 0.28

Johnson–Cook model (1983)

�= �C1 + C23n�[1 + C3 ln 3̇∗]�1− T∗m�
3̇∗ = 3̇=3̇0; 3̇0 = 1 s−1

T∗ =(T − Troom)=(Tmelt − Troom)

Model constants C1 Mpa 926 — — 420
C2 Mpa 843 — — 343
C3 — 0.0385 — — 0.01
n — 0.4 — — 0.134
m — 0.5727 — — 1.0
Tmelt K 3000 — — 388
Troom K 295 — — 295

P=
�0C2�[1 + (1− &0=2)� − (a=2)�2]

[1− (S1 − 1)� − S2�2=(� + 1)− S3�3=(� + 1)2]
+ (&0 + a�)En for compressed materials

P= �0C2� + (&0 + a�)En for expanded materials
�= �=�0 − 1

EOS parameters C m=s 5196 — — 1933
S1 — −3:047 — — −3:49
S2 — 3.31 — — 8.2
S3 — −2:018 — — −9:6
&0 — 1.58 — — 0.61
a — 0 — — 0
En0 J=kg 0 — — 0

Linear artiAcial viscosity CL — 1.5 1.5 1.5 1.5
Quadratic artiAcial viscosity CQ — 0.06 0.06 0.06 0.06
SpeciAc heat Cp J=kg=K 134.5 — — 125.6

Table III. Experimental conAgurations and penetration depth in SiC=steel plates [3].

Projectile conAguration Vimpact (m=s) Yaw(◦) PSiC (mm) Psteel (mm)

Encapsulated WHA rod 1449 0.7 3 0
WHA rod 1462 2.7 30 4.5
PC cylinder=no rod ? 3.8 0 0

and 50 m=s as fragments are formed and ejected. During the Arst 5 �s; the pressure at the
interface between the projectile and the ceramic is about 2 GPa (see Figure 9). This low
pressure is the result of ejection of fragments and the low ceramic conAnement. When a
crater is formed and the ceramic is compacted on its edges, the pressure at the bottom of
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Figure 5. Projectile geometry used in the depth of penetration conAguration.

Figure 6. Projectile geometry used in the ID conAguration.

Table IV. Simulated penetration depths for all conAgurations.

Penetration End of
Projectile conAguration PSiC (mm) velocity (m=s) computation (�s)

Encapsulated WHA rod 2.8 0 18.5
WHA rod 7.6 550 12.0
PC cylinder=no rod 0 0 45.0
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Figure 7. Simulation of depth of penetration conAguration. Impact velocity 1400 m=s. Ejection of
fragments is captured by the MPM-GRANULAR model. Shaded elements, at the penetrator–ceramic

interface, are integrated using the granular model.
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Figure 8. Depth of penetration versus time in the penetration and ID conAgurations. For
Vimpact = 1900 m=s, the projectile penetrates in the ID conAguration. Time=0 refers to

the time at which the rod impacts the target.
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Figure 9. Pressure at the ceramic=projectile interface versus time. Time=0 refers to
the time at which the rod impacts the target.

the crater increases to 8 GPa; see Figure 9. The projectile mushrooms and is ejected with a
velocity approximately equals to −Vimpact=2. The penetration velocity decreases to 600 m=s.
Extrapolating the penetration depth to the entire projectile consumption gives a penetration
depth between 24 and 27 mm. This is similar to the experimental result if we consider that
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the penetration, in the steel plate, should have been made by the ceramic fragments and not
by the projectile itself.
On the contrary, in the ID conAguration, the pressure applied at the projectile=ceramic

interface is equal to 5 GPa when the rod impacts. The fragments cannot be ejected and
there is a pressure rise up to 20 GPa; see Figure 9. As the projectile 7ows on the front
face of the ceramic, the pressure gradually decreases to 5 GPa. The projectile kinetic energy
is not redirected forward but is applied on a larger area of the ceramic. This
prevents the unstable propagation of cracks and results in less fragments being formed
(see Figures 10–14). These fragments cannot be ejected because of the front conAnement,
so they contribute to the resistance to penetration. The projectile is soon defeated and the
penetration velocity falls to zero.
It is worth noticing that the damage in the ceramic does not evolve when the ID phe-

nomenon is established. The main implication is that the ratio L=D of the projectile should
not have any in7uence on the eDciency of the target.
A beginning of spall plane can be seen and should be compared with the crack pattern

on the recovered sample [28]. The total spall plane is not reproduced because a microcrack
cannot propagate from one cell to its neighbours. Moreover, this is a typically discrete process
that cannot be reproduced by the proposed model. Nevertheless, one cannot be sure that the
spalling process occurs during the Arst stages of the impact or during the later ones, when
the rarefaction waves arrive.
Just under the impact point, the ceramic seems to remain undamaged in this conAguration.

In the simulation, the relative density is everywhere higher than 0.95, which means that very
few voids are created. Especially under the point of impact the relative density remains equal
to 1, see Figure 10.
At 45◦ from the impact point, a cone-shaped zone of cracks is observed on the recovered

samples. This pattern also appears in the simulation by plotting the length of the microcracks
that develop at 45◦ with respect to the impact direction, see Figure 11.
An additional simulation has been carried out with an impact velocity of 1900 m=s (see

Figures 8, 9 and 15). It is well known that ID is achieved only in a given range of im-
pact velocity. It was not possible to investigate the low impact velocity region because the
projectile behaviour changes drastically when the impact energy drops below a given value.
In this case, projectile fracture is the preeminent phenomena. Nevertheless, at 1900 m=s; the
simulation predicts a steady penetration rate. In the early stages, the pressure rises up to
25GPa. A beginning of ID is achieved and the pressure drops to 13GPa. Later on, deforma-
tion localizes under the impact point and pressure rises again to 25 GPa. The stress applied
on the ceramic is suDciently high to increase signiAcantly the extent of the pulverized zone.
The self-conAnement of the ceramic is lost and penetration rate becomes steady. Finally,
the pressure drops again before stabilizing to the same level as in the depth of penetration
conAguration.
The model with the chosen set of parameters is also able to capture the beginning of

spalling during the impact of the polycarbonate cylinder. The crack cone on the rear face of
the ceramic (see Figure 12) is also observed in the simulations. As in the experiment, the
front face of the ceramic remains quasi-undamaged.
We have assumed in the MPM model that the ceramic remains elastic during the fracturing

process. Similarly, when granulated, the ceramic remains elastic as long as the pressure is
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Figure 10. Relative density representing the apparent ceramic damage (right), ele-
ments being integrated using the granular model are shown in dark grey (left). ID

conAguration at 18:5 �s after rod impact.

below the cap value. When the powder is fully compacted, pc asymptotically approaches
inAnity and the volumetric behaviour is fully elastic.
Collombet et al. [19] have determined a HEL of −13:5GPa for SiC. This is equivalent to a

deviatoric stress of about 11GPa. It has been veriAed that in the Mescal region the deviatoric
stress in the ceramic remains most of the time below 11 GPa. Only very local zones reach
states above this value and for short periods of time. Hence, the assumption of microcracking
as the dominant inelastic mechanism during the deformation process is a posteriori veriAed
within the framework of our model. Nonetheless, grain plasticity and twinning may occur
in some small regions below the WHA projectile nose. These mechanisms are not directly
accounted for in the MPM model.
Figures 13 and 14 show the penetration history, in the case of the ID conAguration, at

two impact velocities, 1450 and 1900 m=s; respectively. In the former case, the projectile
transitions from a rod to a dish as a result of its continuous thermo-visco-plastic defor-
mation at the ceramic surface. In the latter case, i.e. when the WHA rod impact veloc-
ity reaches 1900 m=s; the projectile is initially defeated, as evident from the mushrooming
of the WHA penetrator. However, at about 14 �s; the projectile energy is again focused
at the projectile nose and a more triangular deformation typical of steady-state penetration
develops, see Figure 14. Unfortunately, this sharpening of the WHA penetrator cannot be
veriAed experimentally by X-ray 7ash photography because of the dimensions and density
of the conAning material. It should be noted that no tip sharpening was observed in the
ballistic penetration simulations performed by Camacho and Ortiz [39]. Their calculations
exhibited mushrooming and petaling of the WHA penetrator tip plus some sloughing of
fragments.
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Figure 11. Contours of microcrack length at 90◦ (left) and 45◦ (right) from the direction of the
projectile axis at 18:5 �s after rod impact.

Figure 12. Polycarbonate cylinder conAguration at 45 �s after impact. Inelastic eLective strain (right)
shows microdamage at the projectile–ceramic interface. Beginning of two spall planes and microcrack

cone is observed. Element integrated using the granular model is shown in grey (left).
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Figure 13. Simulation of the ID conAguration. Vimpact = 1450m=s. Elements in dark grey are
integrated using the granular model.
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Figure 14. Simulation of the ID conAguration. Vimpact = 1900m=s. Elements in dark grey are
integrated using the granular model.
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Figure 15. Depth of penetration versus time for diLerent initial ceramic microstructures.
+ (respectively, −) indicates an increased (respectively, decreased) parameter relative to

the reference case.

4. STUDY ON THE EFFECT OF MATERIAL PROPERTIES
IN PENETRATION MECHANICS

A parametric study on the in7uence of the material properties has been carried out. The
variation of each parameter is reported in Table V. We deAne as reference the value of the
parameters previously identiAed and discussed. Meaningfully, variations are considered above
and below the reference values.

4.1. E:ects due to initial material microstructure

In the MPM model, microcracks density and initial length, on the various orientations, depend
on ceramic initial microstructure. In the present case, the ceramic is considered isotropic in
its initial state, i.e. microcrack length and density are supposed to be equal in all 13 planes
describing the microstructure. The microcrack length and density used in the simulations are
reported in Table V. As a measure of the model parameters eLects, the depth of penetration
versus time is plotted. In Figure 15, depth of penetration histories, when a0 and N are increased
or decreased with respect to a reference value, are shown. The time origin is the time at which
the WHA rod impacts the ceramic front face.
There is no appreciable diLerence in the target behaviour during the early interaction of the

polycarbonate sabot and the ceramic target. Similarly, in the Arst few microseconds of inter-
action between the rod and the ceramic, the penetration history shows no signiAcant diLerence
since at the point of contact the ceramic is instantly pulverized. After 2 �s the surrounding
ceramic begins to play an important role as cracks propagate and the plate is fragmented.
The initial crack density directly aLects the elastic cracking strain history. High initial

density of defects results in ceramic fragmentation at early stages. As a result, displacement
of fragments, at the penetrator tip occurs earlier. Furthermore, degradation of elastic moduli
is accelerated, conAnement of surrounding ceramic is decreased and projectile penetration is
facilitated. Both these eLects combine to control penetration rate. After a crater begins to
form, the pressure at the interface remains higher than in the reference case.

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2002; 54:365–398



390 B. A. GAILLY AND H. D. ESPINOSA

Table V. Variation of parameters with respect to a reference set.

ELect Parameter Reference Increased Decreased

Initial microstructure a0 1 �m 2 �m 0:1 �m
N (k) 1000 mm−3 10 000 mm−3 100 mm−3

Microcrack propagation n± 0.3 0.36 0.24
Critical cracking strain 3cl 0.15 0.18 0.12
Friction coeDcient P� 15 GPa 18 GPa 12 GPa

�c� 0.05 0.06 0.04
h� 300 360 240
p 1.88

Void ratio E2 5.0 6.0 4.0
�2 0.412236 0.4946832 0.329789
�cr 0.3 0.36 0.24
�m 0.3 0.36 0.24
m 3.0 3.6 2.4
n 2.84 3.408 2.272
b 0.071 0.0852 0.0568

Dilatancy h) 2.0 1.6 2.4
Pressure cap B 500.0 600.0 400.0

M 1.2 1.44 0.96

On the contrary, a small defect density needs longer cracks before coalescence can occur.
This takes more time and meanwhile the resistance of the ceramic is higher. During the
Arst 5 �s; the projectile is defeated and consequently, the pressure at the interface decreases.
Dynamic conAnement is established and preserved during the entire interaction, see Figure 15.
Although the crack density is a constant in the model, it is worth noticing that the initial

purity of a ceramic can play a very important role in the establishment of the interface defeat
phenomenon. The longer it takes to generate cracks the higher the probability in attaining
interface defeat.
Similarly, the size of the initial defects is directly related to the crack displacement jump and

to the inelastic cracking strain histories. For large initial microcrack lengths, the fragmentation
process occurs rapidly and the penetration rate increases. For small initial microcrack length
the ID can be established before any signiAcant penetration of the projectile, see Figure 15.
It is noticeable that, for a given distribution of initial defects, a ceramic with small inclusions
and small grain size should give a signiAcantly better ballistic performance. The microstructure
seems to have an important eLect on the attainment of the ID mode.

4.2. E:ects due to microcracks propagation speed

The parameters describing microcracks propagation are toughness (KIc) and coeDcients m±

and n±; see Equation (4). The terminal crack velocity, controlled by parameter m±; is ap-
proximately equal to 1

3 –
1
2 the Rayleigh wave speed for a wide range of materials. Hence, m±

is kept constant in this study. On the contrary, the power factor n±; that represents the eLect
of crack propagation sensitivity to stresses, has been changed by 20 per cent.
Contrary to the initial material microstructure eLect on penetration rate, the eLect of crack

velocity is negligible during the Arst 5 �s; even if a slight diLerence appears after 2 �s. Its
role becomes noticeable after 5 �s but it does not result in a change in penetration rate, see
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Figure 16. Depth of penetration versus time for diLerent variations of the viscosity
parameter n±. + (respectively, −) indicates an increased (respectively, decreased)

parameter relative to the reference case.

Figure 16. The faster the microcracks propagate, the higher is the penetration rate. The lack
of a noticeable diLerence in penetration history at early stages can be rationalized by the
fact that it takes time for damage to accumulate to a suDciently high level to result in some
macroscopic manifestation.

4.3. E:ects due to critical cracking strain

Pulverization is assumed whenever the critical cracking strain, 3cl; or the maximum length
of microcracks, amax; is reached. In this study, the limiting cracking strain is set according
to Table V. This variable describes the damage state of the ceramic at which microcrack
coalescence leads to pulverization.
As long as cracks do not propagate, the ceramic response is elastic with a high yield stress.

When cracks begin to propagate, the material stiLness drops achieving a very low level when
the critical crack strain or amax is reached. Then, longer cracks will not aLect the material
behaviour much. That is exactly what happens when the limiting cracking strain increases
(see Figure 17). For low values of 3cl; the stiLness of the damaged ceramic remains high
and self-conAnement occurs. This also implies that the ceramic granulates before microcracks
propagate signiAcantly, which is not realistic. For high values of 3cl; the eLective elastic
response of the ceramic does not evolve any more and the depth of penetration is constant
for increasing 3cl. A realistic value of this parameter can be obtained by determining the value
for which the depth of penetration begins to decrease. Furthermore, examination of stiLness
variations in a representative volume element, modelled with the MPM model, is very helpful
in identifying physically meaningful values of 3cl.

4.4. E:ects due to material internal friction

Internal friction resulting from friction between crack surfaces is an important physical pa-
rameter. In fact, crack sticking and therefore irreversibility may occur as a function of loading
history. This parameter has a direct implication on ceramic damage under the point of
impact. In the MPM model the variables are the factor p� and the values of �min and �max.
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Figure 17. Depth of penetration versus time for diLerent variations of the limiting cracking strain 3cl. +
(respectively, −) indicates an increased (respectively, decreased) parameter relative to the reference case.

The minimum and maximum values of � are the known values for ceramic materials. Only
the dependence of the pressure factor is examined according to Table V.
When p� increases, � becomes less dependant on the normal stress, sticking of crack sur-

faces occurs later in the process and the ceramic is subjected to more damage. This means
that the ceramic oLers not only less resistance to penetration but also that a larger volume
of material is damaged. The self-conAnement of the ceramic is then less eDcient and frag-
ments can be ejected. As a consequence, the depth of penetration increases as p� increases
(see Figure 18). This can be suDcient to interfere with the beginning of the ID mode and
the projectile may not be defeated. On the contrary, decreasing p� decreases the depth of
penetration and the volume of damaged ceramic. This eLect takes place only after 5 �s when
ID occurs, see Figure 18.
An internal friction coeDcient is also used in the granular model corresponding to the

frictional eLect between fragments. Its evolution depends on the current friction coeDcient,
the relative density and the plastic deformation due to the distortion mechanism. The material
parameters are �c�; h� and p. It is diDcult to extract the exact in7uence of these parameters
as the equation of evolution for � is coupled with the plastic deformation.
The parameters h� and p have an in7uence on the hardening coeDcient h, which determines

the rate of change of �. When h� increases or when p decreases, the hardening coeDcient
increases. Therefore, it results in an increasing friction coeDcient between fragments. Hence,
self-conAnement of the ceramic is certainly more eDcient and the Anal penetration depth
smaller. By contrast, an opposite change of the hardening modulus does not seem to aLect
the depth of penetration.
There is also a paradox in the in7uence of the parameter �c�. The depth of penetration

increases when �c� increases. It should be noted that �c� is the minimum value of � when
the relative density decreases to �cr. It is possible that this evolution is a modelling artefact.
Note that these three coeDcients neither interfere with the establishment nor the ID mode.

4.5. E:ects due to fragmented material void ratio

The fragmented material void ratio has an in7uence on three well-deAned aspects. First,
it controls the elastic properties of the fragmented ceramic. Recall that Young’s modulus
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Figure 18. Depth of penetration versus time for diLerent variations of the fric-
tion parameters. + (respectively, −) indicates an increased (respectively, decreased)

parameter relative to the reference case.

and Poisson’s ratio are exponential functions of the relative density. Therefore, to assess the
eLect of void ratio, the functional coeDcients have been changed according to Table V. The
eLects of variations in Poisson’s ratio are not noticeable. At the same time, variations in
Young’s modulus do not aLect signiAcantly the results. As the void ratio remains very low
during the deformation process, the variations in elastic properties also remain very small, see
Figure 19.
Second, void ratio determines the relative density, which is limited by two characteristic

values, �m and �cr. Once again, in the simulations, these values are never reached and their
in7uence on the Anal penetration depth is negligible, see Figure 20.
Third, void ratio has a considerable in7uence on the evolution of some internal variables

such as the pressure cap, pc, the cohesion, c, and the friction coeDcient, �. As the cohesion
of a dry ceramic is relatively low it is diDcult to notice any in7uence of the parameter m.
On the contrary, the parameter b that describes the in7uence of the void ratio on the friction
coeDcient is essential. A slight increase of b is enough to suppress the ID mode and to result
in a steady penetration.
Increasing exponent n means increasing the in7uence of the void ratio on the pressure cap

pc. When n is higher, pc decreases faster when the void ratio decreases. At the beginning of
the projectile–ceramic interaction, the pressure under the impact point may not be high enough
to reach the value of pc and the projectile is arrested. After 10 �s, the pressure decreases
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Figure 19. Depth of penetration versus time for diLerent variations of the elastic properties as a function
of relative density. Parameters E2 and �2. + (respectively, −) indicates an increased (respectively,

decreased) parameter relative to the reference case.
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Figure 20. Depth of penetration versus time for diLerent variations of relative density
limits. Parameters �cr and �m + (respectively, −) indicate an increased (respectively,

decreased) parameter relative to the reference case.

enough to allow the creation of voids in the ceramic. If the value of pc decreases
enough, then inelastic deformation can occur and the projectile begins to penetrate, see
Figure 21. The ID mode is discontinued and a penetration mode is started. On the contrary,
if pc remains high, then the ID mode continues.

4.6. E:ects due to material dilatancy

Dilatancy is controlled by the factor h) and may be important in predicting shear localization in
ceramic powders, see Espinosa and Gailly [29]. A variation of ±20 per cent in this parameter
is examined, see Table V. As shown in Figure 22, the variation does not aLect signiAcantly
the depth of penetration in the ID conAguration. For a friction coeDcient of about 0.2 and
�c�=0:05, the change in h) represents a change in dilatancy angle of about 20 per cent. It
is interesting to note that when dilatancy increases, the projectile is defeated during a longer
period of time. This Arst stage is followed by a small steady penetration mode as the pressure
under the tip of the projectile increases, see Figure 22. The diLerence in penetration depth
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Figure 21. Depth of penetration versus time for diLerent variations of b; n and m. + (respectively, −)
indicates an increased (respectively, decreased) parameter relative to the reference case.
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Figure 22. Depth of penetration versus time for diLerent variations of the dila-
tancy parameter. + (respectively, −) indicates an increased (respectively, decreased)

parameter relative to the reference case.

and rate, between the reference case and the decreased dilatancy case, does not seem to be
signiAcant.

4.7. E:ects due to pressure cap

The parameters aLecting the yield surface for the consolidation mechanism are the shape
factor M and the parameter B. B scales the critical pressure pc. Both have been changed
according to Table V.
The shape factor M does not aLect the depth of penetration much. When M increases, the

consolidation mechanism yield surface becomes more spherical. It also means that for a given
pressure the yield stress increases. Consequently, the depth of penetration decreases slightly.
Variations in parameter B have no appreciable eLect during the Arst 15 �s, see Figure 23.

After this time, for the lower value of B, the projectile begins to penetrate at a high rate.
The interpretation is the same as the one for parameter n. While the ID mode occurs, the
pressure at the interface decreases. If this pressure drops below the pressure cap, then plastic
deformation occurs and the projectile continues to penetrate. An increase in pressure occurs, at

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2002; 54:365–398



396 B. A. GAILLY AND H. D. ESPINOSA

-5
-5
-4
-4
-3
-3
-2
-2
-1
-1
0

-5 0 5 10 15 20 25

Time (µs)

D
ep

th
 o

f p
en

et
ra

tio
n 

(m
m

)  
 

+

-
B

M

Figure 23. Depth of penetration versus time for diLerent variations of the pressure
cap parameters. + (respectively, −) indicates an increased (respectively, decreased)

parameter relative to the reference case.

a later time, and its eLect is to cause additional damage in the ceramic; hence, the penetration
process cannot be stopped.

5. CONCLUDING REMARKS AND DISCUSSION

A new continuum model describing microcracking and 7ow of pulverized ceramic is presented.
This deformation mode is observed experimentally in ballistic penetration of ceramic targets.
The problem is extremely challenging from a computational standpoint, because it consists of
the transition of material from its pristine state to a powder as a consequence of nucleation,
propagation and coalescence of microcracks. Many models have been proposed in the literature
to capture this physical phenomenon. However, none has successfully reproduced the observed
failure modes as a function of ceramic conAnement. Here, for the Arst time, penetration and
ID of long rods striking multi-layered targets is captured computationally by a model whose
parameters have been identiAed using other experimental conAgurations, namely, plate and
rod impact experiments and cylinder collapse of ceramic powders.
In our model, damage in the ceramic is modelled by an elastic anisotropic formulation over

13 microcrack orientations. Flow of the pulverized media is modelled by two visco-plastic
mechanisms with a non-associated 7ow rule. The transition between both models is realized
when the inelastic cracking strain reaches a given critical value. The onset of pulverization,
as determined by the response of a representative volume element modelled with the MPM
model, provides key initial material properties needed in the granular model and a consistent
transition between models.
The MPM=granular model has been implemented in the Lagrangian code LS-DYNA and

used to reproduce the ID transition of an impacting tungsten long rod on a ceramic tile.
Remeshing is used in the projectile to avoid the need of erosion. Penetration distances in
depth of penetration and ID conAgurations proposed by Malaise et al. [8] are correctly re-
produced. The extent of damage in the ceramic, under the point of impact, is in agreement
with experimental observations. Furthermore, the velocity transition for change in penetration
mode is also predicted.
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Our simulations show that the prerequisite for penetration is the formation of a densely
cracked zone in the ceramic ahead of the penetrator. The application of a high compressive
stress in the front face of the ceramic limits the 7ow of damaged ceramic and leads to the
onset of ID. The simulations also indicate that the formation of fragments is not suDcient
to ensure continuous penetration since a compact granulated ceramic can self-conAne. The
ejection of previously formed fragments is also necessary for the projectile to penetrate. The
pressure at the penetrator–ceramic interface seems to have a well-deAned history as a function
of projectile deformation mode. If the front face of the ceramic is conAned, then the pressure
remains high during the Arst few microseconds of interaction. This could be suDcient to keep
the fragments closely packed. When the ID process starts the pressure drops to a lower level
and the amount of damage in the ceramic does not grow signiAcantly. On the contrary, if the
front face of the ceramic is not conAned or if the extent of the damage zone is large enough,
then fragments are laterally displaced and ejected.
A parametric study was conducted to assess the eLect of material microstructure, tough-

ness, chemical purity, strength and stiLness on ballistic penetration mechanics. These sensitiv-
ity studies provide unique information on brittle materials response under various geometric
conAgurations, i.e., degree of conAnement. Our simulations show that the ID phenomenon is
not very sensitive to the elastic properties of the ceramic. However, its microstructure, i.e.
initial crack density, defects and grain sizes, are essential parameters. High purity ceramics
with strong interfaces, low density of initial defects and small grain size appear to be the best
candidates for armor design.
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